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ABSTRACT
We study one particular type of multivariate spatial autoregression (MSAR) model with diverging dimensions
in both responses and covariates. This makes the usual MSAR models no longer applicable due to the high
computational cost. To address this issue, we propose a factor-augmented spatial autoregression (FSAR)
model. FSAR is a special case of MSAR but with a novel factor structure imposed on the high-dimensional
random error vector. The latent factors of FSAR are assumed to be of a fixed dimension. Therefore, they
can be estimated consistently by the diversified projections method, as long as the dimension of the
multivariate response is diverging. Once the fixed-dimensional latent factors are consistently estimated,
they are then fed back into the original SAR model and serve as exogenous covariates. This leads to a
novel FSAR model. Thereafter, different components of the high-dimensional response can be modeled
separately. To handle the high-dimensional feature, a smoothly clipped absolute deviation (SCAD) type
penalized estimator is developed for each response component. We show theoretically that the resulting
SCAD estimator is uniformly selection consistent, as long as the tuning parameter is selected appropriately.
For practical selection of the tuning parameter, a novel BIC method is developed. Extensive numerical studies
are conducted to demonstrate the finite sample performance of the proposed method. Supplementary
materials for this article are available online, including a standardized description of the materials available
for reproducing the work.

ARTICLE HISTORY
Received August 2024
Accepted August 2025

KEYWORDS
Diversified projections;
Factor-augmented maximum
likelihood estimator;
High-dimensional spatial
data; Latent factor model

1. Introduction

Spatial data are frequently encountered in various statistical and
econometric applications (Fujita, Krugman, and Venables 2001;
Yin et al. 2022; Zhou et al. 2023). These applications include,
but are not limited to, environmental analysis (Zhou et al. 2023),
geographical science (Yin et al. 2022), political economics (Yu,
Zhou, and Zhu 2016), and many others. To model the spatial
dependence among multiple subjects/nodes, a variety of spatial
autoregressive (SAR) models have been developed and exten-
sively studied (Kelejian and Prucha 1998; Lee and Yu 2010;
Huang et al. 2019). A number of estimation methods have been
proposed, and their corresponding statistical properties have
been carefully studied. Those estimation methods include, the
quasi-maximum likelihood estimation (QMLE) method (Lee
2004), the generalized method of moments (GMM) (Lee 2007),
the least squares estimation (LSE) methods (Huang et al. 2019),
and many others (Su 2012).

It is remarkable that those classical SAR models are applicable
only to datasets with univariate responses. In other words, only
a univariate response is collected for every subject/node in a
spatial/network dataset. However, in real-world applications,
multivariate responses are frequently encountered. This leads
to various multivariate spatial autoregressive (MSAR) models
(Yang and Lee 2017; Zhu et al. 2020). Moreover, real network

CONTACT Xuening Zhu xueningzhu@fudan.edu.cn School of Management, Fudan University, Guanghua Building, No. 110 Handan Road, Shanghai, China.
Supplementary materials for this article are available online. Please go to www.tandfonline.com/r/JASA.

datasets with high-dimensional multivariate responses are
becoming increasingly available (Zhang, Xu, and Zhu 2022;
Chen et al. 2025). Consider, for example, a regional economic
dataset from China. The full dataset contains a total of 287
cities and 112 macroeconomic indicators. The objective here
is to study the spatial spillover effects of regional economics,
which is a problem of great importance for understanding
spatial economic dynamics and regional economic growth in
macroeconomic research (Anselin 1988; Zhou et al. 2023). For
this dataset, each region can be treated as a node, which is
spatially connected with others. This makes the SAR model a
natural choice in empirical economics literature (Blasques et al.
2016; De Paula, Rasul, and Souza 2025). In addition to the spatial
structure, we also observe a large number of economic indicators
for each region (i.e., node). This leads to a high-dimensional
response vector for each region. As a consequence, the MSAR
models of Yang and Lee (2017) and Zhu et al. (2020) are
difficult to apply directly. This is mainly because the associated
computational cost becomes extremely expensive if the response
dimension is relatively high. This interesting dataset motivates
us to develop a novel method, which is able to model spatial
dependence for datasets with high-dimensional responses.

To this end, we propose a factor-augmented SAR approach.
This method assumes a standard SAR model for each compo-
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nent of the high-dimensional response. By doing so, the spa-
tial dependence structure can be flexibly modeled for different
response components in a parallel way. This leads to a high-
dimensional error vector for each node. To analyze the high-
dimensional data, various factor modeling techniques have been
developed (Fan, Fan, and Lv 2008; Bai 2012; Lam and Yao 2012;
Fan and Liao 2022). We are then inspired to impose a factor
model on this high-dimensional error vector. This leads to a new
type of SAR model with a factor-augmented structure. For con-
venience, we refer to this as a factor-augmented spatial autore-
gressive (FSAR) model. It is worth noting that the FSAR model
is related to the dynamic SAR model in the existing literature
(Bai and Li 2021). However, there are two critical differences.
First, FSAR is a static MSAR model without a dynamic panel
structure over time. Second, FSAR allows different spatial effects
for different responses. By assuming that the factor dimension
is fixed as d, we obtain a highly simplified model structure
with a total of only

(
d + q + 2

)
p parameters, if the exogenous

covariates are of dimension q. In contrast, a traditional MSAR
model in this case (Yang and Lee 2017; Zhu et al. 2020) should
consume a total of (3p2/2 + pq) parameters. Moreover, it is
remarkable that the type of dependence captured by MSAR
and FSAR models are different. The MSAR model is good at
capturing weak dependence, which refers to the type of influence
due to local network neighbors. In contrast, our FSAR model
is good at capturing strong dependence, which reflects the type
of the influence due to the global cross-sectional dependence.
Therefore, the applications of MSAR and FSAR models are not
the same.

To practically estimate the FSAR model, a three-step estima-
tion procedure is developed. In the first step, the standard QMLE
method (Lee 2004) is applied to each component of the high-
dimensional response. This yields to a consistent initial estima-
tor for each componentwise SAR model. Accordingly, the high-
dimensional error vector can be consistently differentiated for
each node. In the second step, the diversified projections method
of Fan and Liao (2022) is applied to the estimated error vectors
for factor estimation. By doing so, the latent factors can be con-
sistently estimated up to an affine transformation. In the last step,
we treat the estimated factors as exogenous covariates. Then, the
FSAR model can be estimated for each response component in
a fully parallel way (Lee 2004; Lee and Yu 2010). This leads to
the final estimators for the spatial correlation parameters. Under
appropriate regularity conditions, we show theoretically that the
resulting estimator is

√
n-consistent and asymptotically normal.

To handle high-dimensional exogenous covariates, a smoothly
clipped absolute deviation (SCAD) penalized estimator (Fan and
Li 2001) is developed for the FSAR model, and a novel BIC
method is developed for tuning parameter selection (Wang, Li,
and Tsai 2007; Chen and Chen 2008; Wang, Li, and Leng 2009).
We show theoretically that the resulting estimator is uniformly
selection consistent for every response component.

The rest of the article is organized as follows. Section 2
develops the FSAR model. The estimation methods and the
associated asymptotic theory are also included. The numerical
studies are presented in Section 3, which includes both extensive
simulation experiments and a real data example. Finally, Sec-
tion 4 concludes the article with a brief discussion. All technical
proofs are left to the Appendix.

2. Methodology

2.1. The Model Setup

Consider a large-scale network with n nodes indexed by 1 ≤ i ≤
n. Define an adjacency matrix of the network as A = (ai1i2) ∈
R

n×n, where ai1i2 = 1 if the node i1 is connected to the node
i2 and ai1i2 = 0 otherwise. Following the existing literature (Lee
2004; Zhu et al. 2020), we set aii = 0 for every 1 ≤ i ≤ n.
Next, define a spatial weight matrix as W = (wi1i2) ∈ R

n×n

with wi1i2 = ai1i2/ni1 and ni1 = ∑n
i2=1 ai1i2 so that each row

of the weight matrix W sums up to one. For those zero-degree
nodes (i.e.,

∑n
i2=1 ai1i2 = 0), we set wi1i2 = 0 for 1 ≤ i2 ≤

n so that the useful covariate information contained in those
nodes can be maintained. Next, for each node i, we observe a
p-dimensional response vector Yi = (Yij) ∈ R

p with p → ∞
as n → ∞ and a q-dimensional exogenous covariate vector as
Xi = (Xim) ∈ R

q (Lee 2004; Lee and Yu 2010; Huang et al.
2021). Write Yj = (Yij) ∈ R

n as the response vector for the
jth component. Accordingly, write X = (X1, . . . , Xn)� ∈ R

n×q

as the covariate matrix. Each component of Yj is expected to be
spatially correlated with others through A. Therefore, we assume
for Yj a standard spatial autoregressive (SAR) model as

Yj = ρjWYj + Xβj + Ej, (2.1)

where ρj ∈ R is the spatial correlation, βj = (βjm) ∈ R
q is the

coefficient vector, and Ej = (εij) ∈ R
n is the error vector.

Let ρ∗
j and β∗

j = (β∗
jm) be the true values of ρj and βj,

respectively. In this work, we allow q to diverge in the sense that
q → ∞ as n → ∞. In this case, we should expect that a large
number of covariates are redundant for any given response Yj
(Tibshirani 1996; Fan and Li 2001; Huang et al. 2021). To reflect
this phenomenon, define for every response Yj a true model set
S(j),T = {1 ≤ k ≤ q : β∗

jk 	= 0} with size sj = |S(j),T |. Define
STrue = ⋃

1≤j≤p S(j),T . In this work, we assume the maximum
size of the true model for every response component is upper
bounded by a fixed number m > 0 (i.e., max1≤j≤p sj ≤ m).
However, we allow the total number of relevant covariates (i.e.,
|STrue|) to diverge as n → ∞. This allows a diverging amount
of information to be used. Next, let Xk = (Xik) ∈ R

n be the
kth column of X. Write X(j) = (

Xk : k ∈ S(j),T
) ∈ R

n×sj

as the submatrix of X corresponding to S(j),T . Similarly, define
β(j) = (

βjk : k ∈ S(j),T
) ∈ R

sj . Then, model (2.1) becomes

Yj = ρjWYj + X(j)β(j) + Ej. (2.2)

Assume thatS(j),Ts are already given at this moment. In practice,
S(j),Ts are typically unknown. Therefore, they have to be consis-
tently estimated based on the observed data. This is an important
issue to be studied in Section 2.5.

Write εi = (εij) ∈ R
p as the error vector associated with

the ith node. Then, how to model the stochastic behavior of εi
with a high dimension p becomes a problem of great interest. To
address this issue, we follow the ideas of Fan, Fan, and Lv (2008)
and Wang (2012) and assume a factor model as

εi = BZi + ωi, (2.3)

where Zi = (Zik) ∈ R
d is a d-dimensional latent factor for

the ith node, B = (bjk) ∈ R
p×d is the loading matrix, and

ωi = (ωij) ∈ R
p represents the information contained in
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εi but missed by Zi. We assume that the factor dimension d
is a fixed number, consistent with the existing literature (Bai
2012; Lam and Yao 2012; Fan and Liao 2022), and also with our
empirical example, which is to be analyzed in Section 3.3. We
assume that Zi and ωijs are mutually independent with mean
0. Write cov(εi) = �ε = (σj1j2) ∈ R

p×p, �ω = cov(ωi) =
(τj1j2) ∈ R

p×p, and �Z = cov(Zi) ∈ R
d×d. Accordingly,

the true parameters are denoted as B∗ = (b∗
jk), �∗

ε = (σ ∗
j1j2),

�∗
ω = (τ ∗

j1j2), and �∗
Z . It then follows that �∗

ε = B∗�∗
ZB∗�+�∗

ω.
For model identification, we assume that �∗

Z = Id, which stands
for a d-dimensional identity matrix. Otherwise, we can always
re-define Zi := �

∗−1/2
Z Zi and B := B�

∗1/2
Z so that model

(2.3) remains valid but with cov(Zi) = Id. Let λmax(A) and
λmin(A) be the largest and smallest eigenvalues of an arbitrary
symmetric matrix A, respectively. Moreover, we assume that �∗

ω

is a positive definite matrix. Notably, we do not require �∗
ω to be

of a diagonal structure. The only constraint imposed on �∗
ω is

that its eigenvalues are well bounded away from 0 and infinity
as p → ∞ (Wang, Li, and Leng 2009; Wang 2012; Fan and Liao
2022).

2.2. Componentwise Maximum Likelihood Estimators

We next consider how to estimate the model parameters. Here
we temporarily assume that the true model sets Sj,Ts are given.
Thus, the following estimators obtained in Sections 2.2–2.4 are
the very ideal estimators, which are often referred as the oracle
estimators in the literature (Donoho and Johnstone 1994; Fan
and Li 2001). Unfortunately, those true model sets Sj,Ts are
typically unknown in practice. Therefore, these oracle estima-
tors cannot be practically computed and the true model sets
have to be empirically estimated. That is the reason why we
have developed in Section 2.5 a SCAD-penalized estimation
method for a uniformly consistent selection of the true model
sets Sj,Ts. This should be done in prior to applying the three-
step estimation procedure as shown in Sections 2.2–2.4.

In this study, we focus on the QMLE method due to its
theoretical importance. However, the method to be developed
can readily be applied to other estimation methods without
additional difficulty. We then apply the QMLE method to each
response component j to obtain consistent initial estimators
for the interested parameters (i.e., ρ, β(j), and σjj). For conve-
nience, we refer to these as componentwise maximum likelihood
estimators (CMLE). Specifically, under the following technical
conditions C1–C2, we have E(Ej) = 0 and cov(Ej) = σ ∗

jj In,
where σ ∗

jj = var(εij) = ‖b∗
j ‖2 + τ ∗

jj and b∗
j is the jth column

of B∗. Write Sj = In − ρjW. This leads to a reduced form as
Yj = S∗−1

j
(
X(j)β

∗
(j) + Ej

)
with S∗

j = In − ρ∗
j W. To ensure that

Sj is invertible, we follow Lee (2004) and assume |ρj| < 1 for
every 1 ≤ j ≤ p. Define θj = (

ρj, β�
(j), σjj

)� ∈ R
sj+2. Then, the

log-likelihood function for CMLE is given by

L(j)
cmle

(
θj

) = −n
2

log σjj + log
∣∣Sj

∣∣
− 1

2σjj

(
SjYj − X(j)β(j)

)�(
SjYj − X(j)β(j)

)
,(2.4)

where some irrelevant constants are ignored. The CMLE for
θj can then be obtained by maximizing (2.4) as θ̂j,cmle =

(
ρ̂j,cmle, β̂�

(j),cmle, σ̂jj,cmle
)� = argmaxθL

(j)
cmle(θ). The asymptotic

properties of θ̂j,cmle have been well studied in the existing
literature (Lee 2004; Lee and Yu 2010; Yang and Lee 2017).

By Theorem 3.1 of Lee (2004), the componentwise estimator
θ̂j,cmle is

√
n-consistent for every 1 ≤ j ≤ p. However, to the best

of our knowledge, it seems that no uniform convergence result
has been established when p → ∞. Nevertheless, a uniform
convergence result about θ̂j,cmles is critically important for our
subsequent theory development. To this end, define the �q-norm
of an arbitrary vector v = (vj) ∈ R

p as ‖v‖q = ( ∑p
j=1 |vj|q

)1/q

for any q > 0. For convenience, we omit the subscript q when
q = 2. Additionally, denote a sub-Weibull distribution of order
α as sub-Weibull(α). Let U ∈ R be an arbitrary random variable.
Define its sub-Weibull(α) norm as ‖U‖ψα = inf

{
t > 0 :

E exp
(|U|α/tα

) ≤ 2
}

. Then, the following technical conditions
are necessarily needed.

(C1) (Sub-Weibull distribution) Assume that both Zik and
ωij independently follow sub-Weibull(α) distributions
with α ∈ (0, 2] for every 1 ≤ k ≤ d and 1 ≤ j ≤ p,
and are independent of Xi. Furthermore, assume that
there exists a positive and fixed constant Csw such that
maxk ‖Zik‖ψα ≤ Csw and maxj ‖ωij‖ψα ≤ Csw.

(C2) (Loading matrix) Assume that the loading matrix B∗ =
(b∗

jk) ∈ R
p×d is fixed and there exists a fixed constant CB >

0 such that maxj,k |b∗
jk| ≤ CB.

(C3) (Bounded parameters) Assume that there exist some
positive constants 0 < βmin < Cβ max < ∞ and 0 <

τmin ≤ τmax < 1 such that (1) maxj ‖β∗
j ‖ ≤ Cβ max;

(2) βmin ≤ minj,k∈S(j),T |β∗
jk|; and (3) τ 2

min ≤ minj τ
∗
jj ≤

maxj τ
∗
jj ≤ τ 2

max.

The sub-Weibull distribution assumption imposed by Condi-
tion C1 allows for heavier tails and is thus weaker than the
popularly used sub-Gaussian assumption in high-dimensional
literature (Wainwright 2019). However, it is stronger than the
moment conditions widely used in the classical SAR literature
(Lee 2004; Zhu et al. 2020). Condition C1 is necessary in our set-
ting since we are dealing with a problem with a diverging dimen-
sion. Consequently, appropriate uniform convergence results are
inevitably needed; see for example the uniform consistent result
of Theorem 1. This also explains why similar tail conditions like
C1 have been seldom used in the classical SAR literature of a
fixed dimension (Lee 2004; Zhu et al. 2020). However, they are
extensively used in the high-dimensional literature (Wainwright
2019). Moreover, Condition C1 assumes that both Zik and ωij
are independent of the exogenous Xi. As a consequence, the
regression effect term X(j)β(j) for every 1 ≤ j ≤ p can be
interpreted in the same way as the usual SAR model (Yang and
Lee 2017).

Condition C2 requires that the true value of the factor loading
matrix B∗ to be elementwise uniformly bounded (Fan, Fan, and
Lv 2008; Bai 2012). Condition C3 assumes that: (a) ‖β∗

j ‖s are
uniformly upper bounded, (b) the minimum of nonzero |β∗

jk|s
are uniformly lower bounded away from 0, and (c) the error
variance τ ∗

jj s are uniformly bounded away from both 0 and 1 as
p → ∞. Similar conditions have been used by Fan and Lv (2011)
and Wang (2012).
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(C4) (Diverging response dimension) Assume that (1)√
n/p → 0 as n → ∞ and (2) log p = O(nαγ ), where

α ∈ (0, 2] is the sub-Weibull parameter specified in
Condition C1 and γ ∈ (0, 1/4) is some fixed constant.

(C5) (Diverging feature dimension) Assume that
(1)(q log q)1/α/n1/2−2γ → 0 as n → ∞, and (2)
q/{(log q)2/α log n} → 0 as n → ∞, where α ∈ (0, 2]
is the sub-Weibull parameter specified in Condition C1
and γ ∈ (0, 1/4) is defined in Condition C4.

The first part of Condition C4 requires the response dimension p
to be sufficiently large so that the latent factors can be estimated
consistently (Fan and Liao 2022). The second part of Condition
C4 allows the response dimension p to diverge at an exponen-
tially fast rate (Fan, Fan, and Lv 2008; Fan and Liao 2022). By
Condition C5, we require that the diverging rate of the feature
dimension q cannot be too fast (Fan, Fan, and Lv 2008; Wang,
Li, and Leng 2009; Cho and Qu 2013).

Next, let
∥∥A

∥∥
1 = max1≤j≤n

∣∣ ∑m
i=1 aij

∣∣ and
∥∥A

∥∥∞ =
max1≤i≤m

∣∣ ∑n
j=1 aij

∣∣ stand for the �1-norm (i.e., the maximum
absolute column sum) and ∞-norm (i.e., the maximum
absolute row sum) of an arbitrary matrix A = (

aij
) ∈

R
m×n, respectively. In this article, we use “→d” to denote

“convergence in distribution” and “→p” to denote “convergence
in probability”. Write Gj = WS−1

j with Sj = In − ρjW.
Define X̃

∗
β = (

G1Xβ∗
1 , . . . , GpXβ∗

p
) ∈ R

n×p and Z̃
∗
b =(

G1Zb∗
1, . . . , GpZb∗

p
) ∈ R

n×p.

(C6) (Network matrix) Assume that there exists a sufficiently
large but fixed constant CW > 0 such that

∥∥W
∥∥

1 ≤ CW
and maxj

(∥∥S−1
j

∥∥
1,

∥∥S−1
j

∥∥∞
) ≤ CW uniformly in ρj ∈

[−ρmax, ρmax] for some fixed constant ρmax ∈ (0, 1).
(C7) (Law of large numbers) Assume that some positive and

fixed constants κGj1, κGj2, κGj3, κGGj1, κGGj2, and κGjd, such
that (1) maxj

∣∣tr(Gν
j )/n − κGjν

∣∣ = o(1) for ν = 1, 2, 3;
(2) maxj

∣∣tr{(G�
j Gj

)ν}
/n − κGGjν

∣∣ = o(1) for ν = 1, 2;
and (3) maxj

∣∣tr{diag2(Gj
)}

/n − κGjd
∣∣ = o(1) as n → ∞

uniformly in ρj ∈ [−ρmax, ρmax] for the same ρmax given
in Condition C6.

(C8) (Identification) Assume a fixed and nonsingular matrix
�∗

XZ
∈ R

(q+d+2p)×(q+d+2p) such that (1)
∥∥(
X, X̃∗

β ,
Z, Z̃∗

b
)�(

X, X̃∗
β ,Z, Z̃∗

b
)
/n − �∗

XZ

∥∥ = op(1), and (2)
νmin ≤ λmin

(
�∗

XZ

) ≤ λmax
(
�∗

XZ

) ≤ νmax for some
fixed constants νmin > 0 and νmax > 0.

Condition C6 assumes that both W and S−1
j are uniformly

bounded in both the column and row sums as n → ∞.
Condition C7 is a set of Law of Large Numbers type conditions.
Condition C8 is a sufficient identification condition for θ∗

j and
b∗

j with 1 ≤ j ≤ p. All those conditions are fairly standard in the
literature of spatial autoregression (Lee 2004; Lee, Liu, and Lin
2010; Yang and Lee 2017).

Then, the uniform convergence of θ̂j,cmle is given in Theo-
rem 1, which is proved in Appendix A.1. By Theorem 1, we know
that θ̂j,cmle is uniformly consistent for θ∗

j over 1 ≤ j ≤ p. The
uniform convergence rate is slightly slower than the standard
rate of 1/

√
n by a factor (log p)1/α . This is the price paid for

uniform convergence (Fan, Liao, and Mincheva 2013; Fan, Guo,

and Zheng 2022). In the case of α = 2 (i.e., sub-Gaussian),
this uniform convergence rate becomes

√
log p/n, which is con-

sistent with the classical results in the existing literature (Fan,
Guo, and Hao 2012; Wang 2012; Fan, Liao, and Mincheva 2013).
However, this uniform convergence rate becomes slower if 0 <

α < 2 with heavier distribution tails.

Theorem 1. Assume the conditions C1–C8 hold, we then have

max
1≤j≤p

∥∥θ̂j,cmle − θ∗
j
∥∥ = Op

(
(log p)1/α/

√
n
)
.

2.3. Latent Factor Estimation by Diversified Projections

Next, consider how to estimate the latent factors in model (2.3).
Following the idea of Fan and Liao (2022), we develop a method
of diversified projections for factor estimation. Specifically, let
M = (mjk) ∈ R

p×dmax be a pre-specified projection matrix
such that M�M/p → �M ∈ R

dmax×dmax for some positive
definite matrix �M as p → ∞. Here dmax ≥ d is a pre-
specified working number of factors. Then, the latent factor
Zi can be estimated by M�εi/p = HZi + M�ωi/p up to an
dmax × d affine transformation H = M�B∗/p ∈ R

dmax×d

and an estimation error M�ωi/p. Recall that E = (εij) =
(ε1, . . . , εn)� = (E1, . . . , Ep) ∈ R

n×p, where εi = (εij) ∈ R
p

is the ith row vector of E and Ej = (εij) ∈ R
n is the jth

column vector of E. Note that Ej = (
In − ρ∗

j W
)
Yj − X(j)β

∗
(j)

by model (2.2). Then, a natural estimator for Ej can be formed as
Êj = (

In − ρ̂j,cmleW
)
Yj −X(j)β̂(j),cmle. This leads to an estimated

residual matrix Ê = (̂εij) ∈ R
n×p, which serves an estimator

for E = (εij) ∈ R
n×p. In practice, Zi can be estimated by

Ẑi = M�ε̂i/p. However, whether the estimation error between
Ẑi and Zi is asymptotically negligible is not clear. Therefore, we
are motivated to study the asymptotic behaviors of Ẑi rigorously.

To this end, one more technical condition is needed. For an
arbitrary matrix, define ‖A‖ = λ

1/2
max(A�A). Then following

Fan and Liao (2022), we further impose the following technical
condition.

(C9) Assume that (1) max1≤j≤p |mjk| ≤ C > 0 for every
1 ≤ k ≤ dmax with some positive constant C, and (2)
rank(H) = d, λmin(H�H) � 1/p and λmax(H�H) ≤
Cλmin(H�H) with H = M�B∗/p ∈ R

dmax×d.

Condition C9 is a combination of Assumptions 2.1 and 2.2 in
Fan and Liao (2022), focusing on the projection matrix (i.e., M)
and transformation matrix (i.e., H). Specifically, the first part of
Condition C9 requires that the projection matrix M should be
uniformly bounded elementwise. The second part of Condition
C9 prevents M from being orthogonal to B∗. Otherwise, the pro-
jected random variable M�εi/p becomes uncorrelated with the
latent factor of interest Zi. In that case, we lose the opportunity
to estimate Zi consistently. Write Ẑ = (̂

Z1, . . . , Ẑn
)� ∈ R

n×dmax .
Then, we have the following theorem.

Theorem 2. Assume conditions C1–C8 hold, we then have

‖Ẑ − ZH�‖/√n = Op
(
1/

√
n + 1/

√
p
)
.

The detailed proof of Theorem 2 is given in Appendix A.2. By
Theorem 2, we know that ‖Ẑ − ZH�‖/√n converges to 0 at
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a rate Op
(
1/

√
n + 1/

√p
)

with Z = (
Z1, . . . , Zn

)� ∈ R
n×d.

This convergence rate contains two parts. The first part 1/
√

n is
due to the estimation error of the initial estimator θ̂j,cmle and the
second part 1/

√p is due to the projection error of the diversified
projections.

It is remarkable that Condition C9 plays an important role
in Theorem 2. Therefore, an appropriate specification of M is
practically important. In this regard, Fan and Liao (2022) pro-
pose four effective solutions. The first solution is called loading
characteristics. In this approach, one can construct M by the
observed characteristics related to factor loadings. The second
solution is called moving window estimation. In this approach,
one needs to divide the data into two parts. One can then
construct M by the principal component loadings on the first
part and then estimate factors by the second part. The third
solution is called initial transformation. One can construct M
by an appropriate transformation of the initial observation. The
fourth solution is called Hadamard projection, which is based
on Walsh–Hadamard matrix from a carefully designed statistical
experiment. In this work, we implement a random partition
method, which is similar to the second solution of Fan and Liao
(2022).

2.4. Factor-Augmented Maximum Likelihood Estimators

By the SAR model (2.2) and the factor model (2.3), we obtain a
factor-augmented spatial autoregressive (FSAR) model as

Yj = ρjWYj + X(j)β(j) + Z̃̃bj + �j, (2.5)

where Z̃ = ZH� ∈ R
n×dmax is the common factor after H-

transformation, b̃j = H
(
H�H

)−1 bj ∈ R
dmax , bj = (bjk) ∈

R
d is the jth row vector of B, and �j = (ωij) ∈ R

n is the
independent random noise with mean 0 and covariance τjjIn.
For a given j, model (2.5) is similar to the spatial autoregressive
model with additional X-covariates (i.e., Z̃). However, there is a
critical difference. That is an “additional X-covariates” here (i.e.,
Z̃) is a latent random matrix and cannot be directly observed. A
natural solution is to replace Z̃ by its estimator Ẑ. Then a factor-
augmented log-likelihood function can be specified out as

L(j)
fmle

(
�j, Ẑ

) = −n
2

log τjj + log
∣∣Sj

∣∣
− 1

2τjj

(
SjYj − X(j)β(j) − Ẑ̃bj

)�

(
SjYj − X(j)β(j) − Ẑ̃bj

)
,

where �j = (
ρj, β�

(j), b̃�
j , τjj

)� ∈ R
gj with gj = sj + dmax + 2. By

maximizingL(j)
fmle

(
�j, Ẑ

)
with respect to �j, we obtain �̂j,fmle =(

ρ̂j,fmle, β̂(j),fmle, b̂j,fmle, τ̂jj,fmle
)� = argmax� L(j)

fmle
(
�, Ẑ

)
. Here

we refer to �̂j,fmle as a factor-augmented maximum likelihood
estimator (FMLE). Numerically, the FMLE �̂j,fmle with different
j can be computed in a fully parallel or distributed way.

We next consider how to establish the asymptotic properties
of �̂j,fmle. Note that the resulting estimator �̂j,fmle is defined as
the maximizer of L(j)

fmle
(
�j, Ẑ

)
with the estimated latent factors

Ẑ. It is unclear whether the estimation error of Ẑ affects the

asymptotic behaviors of �̂j,fmle. Recall that Ẑ is a consistent
estimator for Z̃ by Theorem 2. Let �∗

j = (
ρ∗

j , β∗�
(j) , b̃∗�

j , τ ∗
jj
)�

denotes the true value of �j with b̃∗
j = H(H�H)−1b∗

j . Then
we can apply the Taylor’s expansion and obtain the following
asymptotic approximation for �̂j,fmle as

√
n
(
�̂j,fmle − �∗

j

)
=

{
− L̈�∗

j �∗
j

(
�∗

j , Z̃
)
/n

}−1

{
L̇�∗

j

(
�∗

j , Z̃
)
/
√

n +
n∑

i=1
L̈�∗

j Z̃i

(
�∗

j , Z̃
)(̂

Zi − Z̃i
)
/
√

n + op(1)
}

,

(2.6)

where L̇�j

(
�j, Z̃

) = ∂L(j)
fmle

(
�j, Z̃

)
/∂�j ∈ R

gj and L̈�j�j(
�j, Z̃

) = ∂2L(j)
fmle

(
�j, Z̃

)
/∂�j ∂��

j ∈ R
gj×gj are the 1st and

2nd order partial derivatives of L(j)
fmle

(
�j, Z̃

)
with respect to �j,

respectively. Here L̈�jZ̃i

(
�j, Z̃

) = ∂2L(j)
fmle

(
�j, Z̃

)
/∂�j∂Z̃�

i ∈
R

gj×dmax is the 2nd order partial derivative of Lfmle
(
�j, Z̃

)
with

respect to �j and Z̃i. Compared with the classical approximation
theory (Lee 2004; Lee and Yu 2010), there involves an extra term∑n

i=1 L̈�∗
j Z̃i

(
�∗

j , Z̃
)(̂

Zi − Z̃i
)
/
√

n in (2.6) due to the estimation

of Z̃. This motivates us to study this extra term rigorously. It can
be theoretically verified that

1
n

n∑
i=1

L̈�∗
j Z̃i

(
�∗

j , Z̃
)√

n
(̂
Zi − Z̃i

)

= − 1
pτjj

p∑
k=1

{
c�∗

jk
√

n
(
ρ∗

k − ρ̂k,cmle
)

+Q�∗
jk

√
n
(
β∗

(k) − β̂(k),cmle
)} + op(1), (2.7)

where c�∗
jk ∈ R

gj and Q�∗
jk ∈ R

gj×sk are some unknown parame-
ters defined in (A.23) and (A.24) of Appendix A.3, respectively.

Note that ρ̂k,cmle and β̂(k),cmle for every 1 ≤ k ≤ p are
the initial estimators defined in Section 2.2. By (2.7), we find
that the estimation error of Ẑ should play an important role
in determining the asymptotic distribution of �̂j,fmle through
ρ̂k,cmle and β̂(k),cmle. Then, the asymptotic properties of �̂j,fmle
can be well studied by combining (2.6) and (2.7). To this end,
one more technical condition is needed.

(C10) Assume that
∑p

k=1 |τ ∗
jk| = O(1), λmax

(
Aj/p2) = o(1),

and λmin
(
Dj/ p2) ≥ Cd for every 1 ≤ j ≤ p, where Cd >

0 is a fixed constant,Aj andDj are some matrices defined
in (A.30) and (A.33) of Appendix A.3, respectively.

Condition C10 puts one particular type of sparsity constraint
on the covariance matrix �∗

ω = (
τ ∗

jk
) ∈ R

p×p (Fan, Fan, and Lv
2008; Bai 2012; Wang 2012). It can be well satisfied for many
important special cases, such as �ω = diag

(
τ11, . . . , τpp

) ∈
R

p×p. We then have the following theorem about the asymptotic
behavior of �̂j,fmle, which is proved in Appendix A.3.

Theorem 3. Assume conditions C1–C10 hold, we then have√
n
(
�̂j,fmle −�∗

j
) →d N

(
0, �−1

2�∗
j
�∗

1�∗
j
�−1

2�∗
j

)
as n → ∞, where
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�∗
1�∗

j
= �2�∗

j
+ ��∗

j
+ �Qj ∈ R

gj×gj ,

�2�∗
j

=

⎛
⎜⎜⎜⎜⎝

�2ρ∗
j ρ∗

j
��

2β∗
(j)ρ

∗
j

��
2̃b∗

j ρ∗
j

�2τ∗
jj ρ

∗
j

�2β∗
(j)ρ

∗
j

�2β∗
(j)β

∗
(j)

0q,dmax 0q

�2̃b∗
j ρ∗

j
0dmax,q �2̃b∗

j b̃∗
j

0dmax

�2τ∗
jj ρ

∗
j

0�
q 0�

dmax
�2τ∗

jj τ
∗
jj

⎞
⎟⎟⎟⎟⎠ ,

��j =

⎛
⎜⎜⎜⎜⎜⎝

�ρ∗
j ρ∗

j
��

β∗
(j)ρ

∗
j

��̃
bjρ∗

j
�τ∗

jj ρ
∗
j

�β∗
(j)ρ

∗
j

0q,q 0q,dmax �τ∗
jj β

∗
(j)

�b̃∗
j ρ∗

j
0dmax,q 0dmax,dmax �τ∗

jj β
∗
(j)

�τ∗
jj ρ

∗
j

��
τ∗

jj β
∗
(j)

��
τ∗

jj b̃∗
j

�τ∗
jj τ

∗
jj

⎞
⎟⎟⎟⎟⎟⎠

,

and �Qj ∈ R
gj×gj . The analytical expressions of the matrices

�2�∗
j
, ��∗

j
, and �Qj are given in Appendix A.3 and Appendix

C.3, respectively.

By Theorem 3, we know that �̂j,fmle is
√

n-consistent and
asymptotically normal. Note that asymptotic covariance of
�̂j,fmle consists of three parts. The first part �2�∗

j
represents

a typical information matrix under normality. The second
part ��∗

j
contains high order moments of the disturbances

(Lee 2004; Lee and Yu 2010; Yang and Lee 2017). This part
becomes zero if �j in (2.5) follows a normal distribution strictly.
Moreover, the last term �Qj is due to the estimation error of Ẑ.
We should have �Qj = 0 if the true Z̃ were actually observed.
In this case, �̂j,fmle becomes statistically as efficient as the oracle
estimator �̃j,fmle = argmax�L

(j)
fmle

(
�, Z̃

)
.

2.5. Shrinkage Estimation and Uniform Selection
Consistency

Next, we consider how to consistently estimate the unknown
S(j),T for every response Yj in practice. To this end, various
shrinkage estimation techniques can be considered (Tibshirani
1996; Fan and Li 2001; Fan, Wang, and Zhu 2021). In this work,
we focus on the smoothly clipped absolute deviation (SCAD)
method of Fan and Li (2001) and Fan and Lv (2011) due to
its excellent theoretical properties. The methodology developed
below can be readily applied to other popular shrinkage methods
without additional difficulty (Tibshirani 1996; Efron et al. 2004;
Fan, Wang, and Zhu 2021). Specifically, we define a penalized
likelihood function for the model (2.1) as Q(j)

λ

(
θj

) = L(j)(θj
) −

n
∑q

k=1 pλ

(|βjk|
)
, where L(j)(θj

) = −n
(

log σjj
)
/2 + log

∣∣Sj
∣∣ −(

SjYj−Xβj
)�(

SjYj−Xβj
)
/
(
2σjj

)
and pλ(·) is the SCAD penalty

function with its first order derivative given by ṗλ

(
t
) = λ

[
I(t ≤

λ) + (
aλ − t

)
+I(t > λ)/

{
(a − 1)λ

}]
. Here a is some constant

that is often taken to be 3.7 (Fan and Li 2001; Fan and Lv 2011),
λ is a tuning parameter, (t)+ = tI(t > 0), and I(·) is the
indicator function. Then, a SCAD estimator can be obtained as
θ̂j,λ = (

ρ̂j,λ, β̂�
j,λ, σ̂j,λ

)� = argmaxθQ
(j)
λ

(
θ
)
.

As demonstrated by Fan and Li (2001) and many subsequent
works (Fan and Lv 2011; Fan et al. 2020), the SCAD estimator
has excellent model selection capabilities for various statistical
models. It is then of interest to study whether similar properties
can be reproduced in our case. Following the literature (Wang,

Li, and Tsai 2007; Wang, Li, and Leng 2009), write λn as a
tuning parameter sequence indexed by n. Accordingly, define
Ŝ(j),λn = {

1 ≤ k ≤ q : β̂jk,λn 	= 0
}

as the model set selected
by θ̂j,λn . Recall that β(j) = {

βjk : k ∈ S(j),T
} ∈ R

sj is the sub-
vector associated with the nonzero coefficients. Define β(−j) ={
βjk : k /∈ S(j),T

} ∈ R
q−sj to be the sub-vector associated

with the zero coefficients for every 1 ≤ j ≤ p. Write β̂j,λn =(
β̂�

(j),λn
, β̂�

(−j),λn

)� ∈ R
q and β∗

j = (
β∗�

(j) , β∗�
(−j)

)� ∈ R
q with

β∗
(j) 	= 0 and β∗

(−j) = 0. Then, the following theorem establishes
the uniform selection consistency of Ŝ(j),λn over 1 ≤ j ≤ p.

Theorem 4. Assume the conditions C1–C10 hold. Further
assume that λn → 0 and

√
nλn/

{
log(pq)1/α

} → ∞ as n → ∞,
we then have

P
(
Ŝ(j),λn = S(j),T , for every 1 ≤ j ≤ p

)
→ 1.

The detailed proof of Theorem 4 is provided in Appendix A.4.
By Theorem 4, we know that, with probability tending to one,
the selected set Ŝ(j),λn consistently recovers the true set S(j),T
exactly in a way uniformly over 1 ≤ j ≤ p. It is remarkable
that this uniform selection consistency result is stronger than
the conventional selection consistency discussed in the existing
literature (Shao 1993; Wang, Li, and Tsai 2007; Wang, Li, and
Leng 2009), which focuses on a single j ∈ {1, . . . , p}.

We next consider how to specify λn practically. To this end, a
number of Bayesian information criterion (BIC) methods have
been developed under various model setups (Wang, Li, and Tsai
2007; Chen and Chen 2008; Wang, Li, and Leng 2009; Wang
2012). We are then inspired to develop for our model (2.1) a
similar BIC-type criterion as

BIC(j)(λ) = − 1
n
L(j)(θ̂j,λ

) + 1
n
∣∣Ŝ(j),λ

∣∣( log n
){

log(pq)
}2/α

.

Note that this BIC criterion contains two components. The
first component L(j)(θ̂j,λ

)
/n reflects the goodness-of-fit. The

second component penalizes the model complexity
∣∣Ŝ(j),λ

∣∣ by a
factor (log n)

{
log(pq)

}2/α
/n. The first factor log n is due to the

diverging sample size n, and the second factor
{

log(pq)
}2/α

/n
is due to the diverging feature q and the diverging response p.
Penalizing factors of a similar form have been popularly used in
the literature (Chen and Chen 2008; Wang, Li, and Leng 2009;
Zhang, Wang, and Zhang 2024).

Then, an optimal tuning parameter can be selected as
λ̂(j),BIC = argminλBIC(j)(λ). Note that λ̂(j),BIC is an estimator
depending on n. This leads to a selected model as Ŝ(j),̂λ(j),BIC

.
To study its uniform selection consistency property, define
SF = {

1, . . . , q
}

as the full model. Write S(j) ⊂ SF with size
qj = ∣∣S(j)

∣∣ as an arbitrary working model for the jth response.
Define R(j)(θ) = E

{ − L(j)(θ)/n
}

as the risk function, and let
R∗

(j),min = R(j)
(
θ∗

j
)

be its minimum value evaluated at the true
parameter. Then, the following technical condition is necessarily
needed.

(C11) Assume that there exists some positive and fixed con-
stant δmin > 0 such that min1≤j≤p minS(j) 	⊃S(j),T infθj,S(j){
R(j)

(
θj,S(j)

) − R∗
(j),min

} ≥ δmin.
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Condition C11 imposes a strict separation condition on the
risk function R(j)(θ). It ensures that the minimal risk of any
underfitted working model (i.e., S(j) 	⊃ S(j),T) must be strictly
larger than that of the true model by a fixed margin δmin.
Similar conditions have been widely used in the literature; see for
example Condition (2.5) in Shao (1993), Condition 2 in Wang,
Li, and Tsai (2007), and Assumption 2 in Fan, Guo, and Hao
(2012). Then, the uniform selection consistency ofS(j),̂λ(j),BIC

can
be rigorously established by Theorem 5, whose detailed proof
is given in Appendix A.5. By Theorem 5, we know that, with
probability tending to one, the selected model Ŝ(j),̂λ(j),BIC

recovers
the true model S(j),T uniformly over 1 ≤ j ≤ p.

Theorem 5. Assume the conditions C1–C11 hold, we then have
as n → ∞,

P
(
Ŝ(j),̂λ(j),BIC

= S(j),T , for every 1 ≤ j ≤ p
)

→ 1.

As we mentioned before, these true model sets Sj,Ts are prac-
tically unknown and therefore have to be empirically estimated
by Ŝ(j),̂λ(j),BIC

s. Once they are empirically estimated, they are
then treated as if they were the truth. Thereafter, the three-step
estimators as developed in Sections 2.2–2.4 can be readily com-
puted. This leads to the final empirical estimators. Strictly speak-
ing, the empirical estimators finally computed are different from
the oracle estimators studied in Sections 2.2–2.4, since there
exists a positive probability for Ŝ(j),̂λ(j),BIC

	= Sj,T . Nevertheless,
this probability shrinks to zero as n → ∞ due to the uniform
selection consistency results as established in Theorems 4 and 5.
Therefore, the two estimators (i.e., the oracle estimators and the
empirical estimators) share the same asymptotic distribution.
Therefore, we are able to claim that both estimators are equiv-
alent asymptotically.

3. Numerical Studies

3.1. Simulation Models

To demonstrate the finite sample performance of the FSAR
model, we conduct a number of simulation studies. For each
simulation replication, we first generate the adjacency matrix
A = (ai1i2) ∈ R

n×n, and then set the diagonal element aii = 0
for every 1 ≤ i ≤ n. Note that A is not necessarily a symmetric
matrix. Thereafter, the adjacency matrix A is row-normalized
as wi1i2 = ai1i2/ni1 for each row 1 ≤ i1 ≤ n. This leads to
the spatial weight matrix W = (wi1i2) ∈ R

n×n. Regarding the
adjacency matrix A, three widely standard network structures
are considered.

Example 1 (Dyad Independence Model, DIM). Following Hol-
land and Leinhardt (1981), define a dyad as Ai1i2 = (ai1i2 , ai2i1)
for any 1 ≤ i1 < i2 ≤ n. Different Ai1i2 s are assumed
to be mutually independent. Next, following Zhu et al. (2020),
define P

{
Ai1i2 = (1, 1)

} = 2n−1 and P
{
Ai1i2 = (1, 0)

} =
P
{
Ai1i2 = (0, 1)

} = 0.5n−0.8. As a result, the expected number
of the mutually connected dyads with Ai1i2 = (1, 1) is O(n). In
the meanwhile, the expected degree of each node to be slowly
diverging in the order of O(n0.2). Then, we have P

{
Ai1i2 =

(0, 0)
} = 1 − 2n−1 − n−0.8, which is close to 1 as the network

size n → ∞.

Example 2 (Stochastic Block Model, SBM). Consider a network
structure generated from the stochastic block model. Specifi-
cally, set K = 5 be the total number of blocks. Next, following
Nowicki and Snijders (2001), we randomly assign each node
a block label (k = 1, . . . , K) with equal probability 1/K. Let
P(ai1i2 = 1) = 9/n if i1 and i2 belongs to the same block, and
P(ai1i2 = 1) = 3/n otherwise. Therefore, nodes within the same
block are more likely to be connected with each other.

Example 3 (Latent Space Model, LSM). Following Hoff, Raftery,
and Handcock (2002), assume that the node i has a low-
dimensional position di in the latent space for every 1 ≤ i ≤ n.
The probability of two nodes being connected (i.e., P(ai1i2 = 1))
is determined by the distance between their respective latent
positions (i.e., di1i2 = ‖di1 − di2‖). Here, we set P(ai1i2 =
1) = exp

( − 0.25ndi1i2
)/{

1 + exp
( − 0.25ndi1i2

)}
, where di

is independently and identically uniformly distributed on (0, 1)

for every 1 ≤ i ≤ n.
For each network structure, consider multiple network sizes

(i.e., n = 500, 1000, and 1500), response dimensions (i.e., p =
50, 100, and 200), covariate dimensions (i.e., q = 5, 10, and 20),
and latent factor dimensions (i.e., d = 1, 2, and 3). Next, generate
ωi = (ωi1, . . . , ωip)� ∈ R

p with ωij independently drawn from
N(0, τjj), where τjj is independently generated from a uniform
distribution U(0.1, 0.2). Then, both Xi ∈ R

q and Zi ∈ R
d are

sampled from a standard multivariate normal distribution. The
true model size of each response is set to be sj = 2 for q = 5,
sj = 5 for q = 10, and sj = 10 for q = 20. Then, for B =
(βjh) ∈ R

p×q, we independently sample βjhs from U(0.5, 1) if
1 ≤ h ≤ sj, and 0 otherwise. Then, for the true parameters B =
(bjk) ∈ R

p×d and ρ = (ρ1, . . . , ρp)� ∈ R
p, we independently

sample bjks from N(0, 1), and ρjs from U(0.2, 0.9), respectively.
Accordingly, the high-dimensional response matrix Y ∈ R

n×p

can be obtained according to model (2.5).

3.2. Simulation Results

We start with the uniform convergence of CMLE ρ̂j,cmles. Given
a specification (W, n, p, q, d), we randomly replicate the exper-
iment for a total of R = 500 times. Since the simulation
results are qualitatively similar, we only report here the case
with (q, d) = (20, 3). We use ρ̂

(r)
j,cmle to represent one particular

estimator obtained in the rth replication (1 ≤ r ≤ R). The true
parameter is denoted by ρj. Define the estimation error (Err) as
Err(r)

j,c = |ρ̂(r)
j,cmle − ρj| for every ρ̂

(r)
j,cmle, and the maximum error

(MaxErr) over j as MaxErr(r)
c = max1≤j≤pErr(r)

j,c . This leads to a
total of R MaxErrc values, which are then log-transformed and
box-plotted in Figure 1. By Figure 1, we obtain the following two
findings. First, for a fixed W and p, the maximum error (MaxErr)
decreases as the sample size n increases. This provides empirical
evidence for the uniform consistency of ρ̂j,cmle over 1 ≤ j ≤ p.
Moreover, with a fixed W and n but diverging p, the maximum
error (MaxErr) increases slowly. This suggests that the uniform
convergence rate of ρ̂j,cmle diverges with respect to p but at a slow
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Figure 1. The log(MaxErrc) values for CMLE ρ̂j,cmle with d = 3. Different panels correspond to different network structures: DIM (the left), SBM (the middle), and LSM (the
right). For a given panel, different groups correspond to different feature dimensions with p = 50, 100, and 200, respectively. For a given group, the lighter the color of the
box is, the larger the sample size is.

Table 1. The simulation results of FMLE for three networks.

p = 50 p = 100 p = 200

n MErrf RIM(%) CP(%) MErrf RIM(%) CP(%) MErrf RIM(%) CP(%)

DIM
500 0.018 41.58 95.52 0.019 51.98 95.40 0.020 42.75 95.20

1000 0.016 32.47 95.00 0.015 42.44 95.20 0.014 46.58 94.40
1500 0.011 36.79 96.00 0.010 46.00 95.60 0.010 44.31 95.60

SBM
500 0.025 29.48 95.60 0.021 40.29 95.80 0.020 52.91 95.00

1000 0.016 38.31 96.00 0.014 42.85 95.60 0.014 44.51 95.00
1500 0.012 37.74 95.00 0.012 42.07 95.00 0.012 43.40 94.00

LSM
500 0.035 26.06 93.40 0.034 24.16 95.20 0.031 24.14 93.75

1000 0.026 16.96 94.20 0.023 17.42 94.00 0.022 17.86 95.03
1500 0.020 12.42 93.72 0.020 15.17 94.13 0.021 14.73 93.00

rate. All of these results are in line with our theoretical finding
in Theorem 1.

We next study the finite sample performance of the FMLE
ρ̂j,fmles. To this end, we need to specify the projection matrix M.
Similar to the moving window estimation method of Fan and
Liao (2022), we implement here a random partition method,
which uses 10% of the randomly generated sample to esti-
mate the projection matrix M. Once M is specified, the rest
90% samples are then used to conduct the subsequent analysis.
First, we compute for each ρ̂j,fmle an Err value decoded by
Err(r)

j,f at the rth replication. Then, we obtain the mean error as
MErrf = (Rp)−1 ∑R

r=1
∑p

j=1Err(r)
j,f . For comparison purposes,

the same value is also computed for the CMLE and is denoted
as MErrc. Next, we compare their relative efficiency by the
relative improvement margin RIM =

(
1−MErrf /MErrc

)×100%.
Moreover, for each 1 ≤ j ≤ p, a 95% confidence interval is
constructed for ρj as CI(r)

j = (
ρ̂j,fmle − z0.975ŜE(r)

j , ρ̂j,fmle +
z0.975ŜE(r)

j
)
, where ŜE(r)

j is square root of the first (1, 1) com-
ponent of �̂−1

2�∗
j
�̂∗

1�∗
j
�̂−1

2�∗
j
, and �̂−1

2�∗
j
�̂∗

1�∗
j
�̂−1

2�∗
j

is a plug-in

estimator of the asymptotic covariance matrix �−1
2�∗

j
�∗

1�∗
j
�−1

2�∗
j

given in Theorem 3. Here zα is the αth quantile of a standard
normal distribution. Then the coverage probability (CP) is com-
puted as CPj = R−1 ∑R

r=1 I
(
ρj ∈ CI(r)

j
)
. Different RIM values

for different combinations (n, p, W) are computed and reported
in Table 1. For ease of presentation, a CPj is randomly selected
over 1 ≤ j ≤ p and also reported in Table 1. By Table 1, we find

that given p and W, larger sample sizes always lead to smaller
MErrf values. This confirms the consistency of FMLE, which
in line with the result in Theorem 3. Compared with CMLE,
the estimation efficiency of FMLE is improved by about 35%
on average. Moreover, the reported coverage probability values
are all fairly close to the nominal level of 95%. This implies
that the estimated standard error approximates the true standard
error very well. Those results provide numerical evidence of the
asymptotic theory obtained in Theorem 3.

Lastly, we study the model selection results. Following Sec-
tion 2.5, we compute the SCAD estimators and use the BIC
method to select the optimal tuning parameter λ. In this case, we
randomly replicate the experiment for a total of R = 100 times
for each (n, p, q, d, W) specification. Let Ŝ(r)

(j),̂λ(j),BIC
represent one

particular model set obtained in the rth replication (1 ≤ r ≤ R).
Define the percentage of experiments with correctly identified
true models (CM) as

CM = 1
R

R∑
r=1

I
(
Ŝ(r)

(j),̂λ(j),BIC
=S(j),T , for every 1 ≤ j≤p

)
× 100%.

This provides a uniform criterion for assessing model selection
accuracy. Since the simulation results are qualitatively similar,
we only report here case with (q, d) = (20, 3) in Figure 2.
By Figure 2, we find that CM values converge to 100% rapidly
as the sample size n increases. This suggests that Ŝ(r)

(j),̂λ(j),BIC
is

uniformly consistent for recovering S(j),T , which is in line with
our theoretical findings in Theorem 5.
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Figure 2. The CM values with q = 20 and d = 3. Different panels correspond to different network structures: DIM (the left), SBM (the middle), and LSM (the right). For a
given panel, different lines correspond to different feature dimensions with p = 50 (solid), 100 (dashed), and 200 (dotted), respectively.

Figure 3. The histogram of the CMLE ρ̂j,cmles (the left panel) and the histogram of the estimated SE (the right panel).

3.3. A Real Data Example

To demonstrate the practical applications of the proposed FSAR
model, we present here a case study. Specifically, we consider
an urban statistics dataset collected from Urban Statistical Year-
book 2019 of China, which is published by National Bureau
of Statistics (http://www.stats.gov.cn/sj/ndsj/). The full dataset
contains a total of 287 nodes, with each node representing a city.
For each node (i.e., city), we collect a total of 112 macroeco-
nomic indicators from 2019. Those indicators provide detailed
information on city-level statistics. However, some indicators
suffer from a large proportion (more than 15%) of missing
values and are then omitted for the subsequent analysis. For the
remaining 50 indicators, the proportion of missing values does
not exceed 5%. Details of these 50 indicators are provided in
Table 2 of Appendix D. For these 50 indicators, the neighbor year
interpolation method of Lunardi (2018) is employed to impute
the missing values. Subsequently, these completed indicators
are then log-transformed and standardized to have mean 0 and
variance 1. This leads to a final high-dimensional dataset Y =
(Yij) ∈ R

n×p with n = 287 and p = 50. A spatial weight matrix
W = (wi1i2) ∈ R

n×n is then constructed based on geographical
locations (Lee and Yu 2010). We next fit an FSAR model to this
dataset. Note that each node (i.e., city) is spatially connected with
others through W. The associated spatial correlations ρjs reflect
the spatial spillover effects among cities (Zhou et al. 2023).

We start with computing the CMLE as an important initial
estimator. The histograms of those estimators and their stan-
dard errors (SE) are then plotted in the left and right panel
of Figure 3, respectively. We find that the resulting estimates
ρ̂j,cmles varies greatly, ranging from 0.05 to 0.50 with estimated
SEs ranging from 0.06 to 0.09. It is then of interest to understand

Figure 4. The boxplots of the CMLE ρ̂j,cmles for four categories. From left to right:
Tertiary (tertiary industry), Population (labor and population development), Fiscal
(fiscal and financial resources), and Public Services (infrastructure and public ser-
vices).

the reason behind such considerable variation. To this end,
we classify the 50 indicators into a total of four groups. They
are, respectively, (a) tertiary industry related indicators, captur-
ing the development of services and knowledge-based sectors
such as accommodation and food services, and wholesale and
retail trade (Kenessey 1987); (b) labor and population develop-
ment related indicators, reflecting the dynamics of urban labor
supply, employment structure, and demographic shifts (Fujita,
Krugman, and Venables 2001); (c) fiscal and financial resources
related indicators, indicating the capacity of local governments
to mobilize and allocate financial resources, the strength of
local fiscal institutions, and the accessibility of financial services
(Gyourko and Tracy 1991); and (d) infrastructure and public

http://www.stats.gov.cn/sj/ndsj/
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Figure 5. The top 30 estimated eigenvalues of Ê (the left panel) and the top 30 eigenvalue ratios (the right panel).

Figure 6. The scatterplot of the FMLE ρ̂fmle and the associated CMLE ρ̂cmle (the left panel). The boxplots of their standard errors (the right panel).

services related indicators, measuring the regional capacity to
provide essential physical and social infrastructure (Démurger
2001). The group sizes are 14, 16, 13, and 7, respectively. The
CMLEs of each group are then boxplotted in Figure 4. We find
that the spatial spillover effects of fiscal and financial resources
are the strongest, with the largest ρ̂j,cmles on average. This result
aligns well with empirical findings in the urban and regional eco-
nomics literature (Gyourko and Tracy 1991; Auerbach, Gorod-
nichenko, and Murphy 2020). It is also noteworthy that the
spatial spillover effects of tertiary industry are the weakest on
average. Practically, this pattern may be explained by the rela-
tively localized nature of the service-oriented economic activi-
ties (Kenessey 1987; Yin et al. 2022).

Next, we need to decide the factor dimension. To this end,
we compute ε̂i = (̂εij) ∈ R

p for each city i. Then, we compute
the eigenvalues (̂λ1 ≥ · · · ≥ λ̂p) of the covariance matrix of
Ê = (̂

εij
) ∈ R

n×p. The top 30 eigenvalues are then plotted in the
left panel of Figure 5. It seems that the first eigenvalue is notably
larger than others. Following Luo, Wang, and Tsai (2009) and
Lam and Yao (2012), we calculate the eigenvalue ratio statistic
as rλ

j = λ̂j/̂λj+1 with 1 ≤ j ≤ p − 1. These values are then
plotted in the right panel of Figure 5, which provides strong
evidence for the existence of a one-dimensional factor structure.
This finding is not totally surprising, as these 50 indicators are all
macroeconomics related. Therefore, they are heavily correlated
with the overall macroeconomics status (i.e., one common fac-
tor) of the target city. This makes the underlying factor structure
of ε̂i relatively simple. Similar low-dimensional factor structures
are also often observed in empirical macroeconomics literature
(Bai and Ng 2002; Bernanke, Boivin, and Eliasz 2005).

Lastly, we apply the proposed factor estimation method in
Section 2.3 and obtain the estimated latent factor Ẑi for each

city i. The choice of the projection matrix is similar to that in
simulation studies. Next, we compute the FMLE for every ρj
(1 ≤ j ≤ p). The resulting FMLE estimates, along with the initial
CMLE estimates, are then plotted in the left panel of Figure 6.
We find that ρ̂fmle is in line with ρ̂cmle. Moreover, their standard
errors are boxplotted in the right panel of Figure 6. We find that
the SEs of FMLE are considerably smaller than those of CMLE.
Our estimation results reveal that there exists the significant
spatial correlation in various macroeconomic indicators among
these cities. Specifically, the largest spatial spillover effect is
detected for revenue in the gross regional product (GRP) growth
rate with ρ̂1,fmle = 0.48. In contrast, the smallest spatial spillover
effect is detected for persons employed in culture, sports and
entertainment with ρ̂37,fmle = 0.16.

4. Concluding Remarks

In this work, we study the problem of spatial autoregressive
modeling for network data with high-dimensional responses
and covariates. The key contribution lies in the development
of a flexible factor-augmented spatial autoregressive (FSAR)
model that accommodates both high-dimensionality and com-
plex cross-sectional dependence across response variables. To
conclude this article, we discuss here several interesting topics
for future research. First, it is worth noting that the FSAR model
requires the high-dimensional responses to be continuous. Then
how to relax this continuity assumption is an interesting direc-
tion for future exploration. Second, it is assumed that the dimen-
sion of the latent factors is fixed. How to allow for a diverging
number of latent factors should be another intriguing topic for
the future study (Fan, Fan, and Lv 2008). Third, for the real urban
statistics dataset analysis, the cross-response spillover effects
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(e.g., the cross effect of retail sales and household wealth) are
not explicitly characterized. Developing novel tools for better
interpretation is also worth pursuing.

Supplementary Materials

Appendices A–C provide the proofs of all theoretical results and some useful
lemmas, and Appendix D contains the supplementary table. The code is
publicly available on GitHub at https://github.com/Shi12056/FactorSAR.git.
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